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Abstract 

In this brief note we show that the horizon entropy of the largest known class of non- 
super symmetric extremal black rings, with up to six parameters, is exactly reproduced 
for all values of the ring radius using the same conformal field theory of the four- 
charge four-dimensional black hole. A particularly simple case is a dipole black ring 
without any conserved charges. The mass gets renormalized, but the first corrections it 
receives can be easily understood as an interaction potential energy. Finally, we stress 
that even if the entropy is correctly reproduced, this only implies that one sector of 
chiral excitations has been identified, but an understanding of excitations in the other 
sector is still required in order to capture the black ring dynamics. 



Motivation. Non- super symmetric extremal rotating black holes provide a convenient set- 
ting for furthering our microscopic understanding of quantum processes related to Hawking 
radiation. One the one hand, they exhibit the attractor behavior that allows precise con- 
trol over the statistical counting of the entropy. On the other hand, they typically possess 
ergoregions and thus emit quantum radiation in a process closely related to Hawking radia- 
tion, even if they are at zero temperature [1] : this is the spontaneous superradiant emission 
recently studied in a microscopic model in [2]. Thus, these black holes allow rather de- 
tailed control over their microscopic description, while exhibiting richer and more realistic 
dynamics than supersymmetric black holes. 

The non-supersymmetric extremal black rings [3], HIE] that we discuss here present further 
advantages in these respects over other non-BPS extremal black holes. The ratio R2/R1 
between the S 2 and S l radii of the ring controls the departure from the BPS limit, which 
is recovered as Ri — > 00. Even if the mass is renormalized as a function of this parameter, 
we shall argue that in fact such a renormalization can be understood in simple terms in an 
expansion in R 2 /Ri. In contrast, the entropy is exactly reproduced for all values of ^/-Ri- 
This result matches nicely with the attractor behavior discussed in [6] [7] and provides a 
non-trivial test of it. Very recently, the exact entropy of a vacuum black ring, with horizon 
topology S 1 x S 2 and maximal rotation on the S 2 [8] , has been reproduced following on ideas 
in [9j [TOj [11] . However, in this case the connection between the dual CFT and the black hole 
degrees of freedom is obscured by the series of transformations involved in the mapping. In 
our examples, the connection to the CFT is much more direct. Still, they present a number 
of novel features, yet to be fully understood, largely due to the fact that, in contrast to 
supersymmetric black holes and black rings, these black rings can emit quantum radiation. 

Thus we believe that understanding in detail the microscopic dual of these black rings 
can significantly enlarge the range of black hole phenomena we can address using string 
theory. As a first step in the correct identification of this dual description, in this note we 
show how their entropy is exactly reproduced by a microstate counting. 

Extremal dipole black rings. Our black rings appear at the common intersection of three 
stacks of M5 branes over a circle. We begin with the simplest example of these, constructed 
in [3] , which does not possess any conserved charges, only three dipoles qi associated to each 
kind of M5 brane. Thus the solutions can never be supersymmetric, but they admit an 
extremal (zero-temperature) limit with a regular horizon of finite area. Ref. [3] proposed 
to account for their entropy using the MSW conformal field theory [12], and indeed found 
perfect agreement for the entropy up to the next-to- leading order in an expansion in Rij R\. 
Although this is already a non-trivial matching, ref. [3] failed to realize that the matching is 
exact for arbitrary values of R2/R1, as we shall presently see. Later, the idea to apply the 
MSW CFT to black rings was shown to work for supersymmetric black rings [HH El H5]- 
However, these calculations left a number of puzzling issues; we will discuss some of them 
after we deal with the more general solutions of [3], which have M2 charges. 
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The extremal dipole black rings with three M5 dipoles are recovered from the solutions 
in [3] by setting the parameter v to zero. The solutions are expressed in terms of four 
dimensionless parameters A, /ii,2,3, with < \n% < 1. Mechanical equilibrium of the ring 
then determines that 

^ _ A*l + 1*2 + f*3 + f*lf*2f*3 

1 + /ii/i 2 + /il/i3 + 1*21*3 ' 

The solutions also contain a scale i?. Roughly, R measures the size of the ring's S 1 radius, 
R ~ R\\ A is roughly the ratio between the S 2 and S l radii, i.e., Ri ~ XR. Finally, the /ij 
are ratios between 'dipole-charge radii' and R. A straight string is recovered as A, fii — > 
keeping XR and fiiR finite. 

The Bekenstein-Hawking horizon entropy is 

Sbh = (^p) tt>/A(1 - X*)f[rf /2 (1 + w ) , (2) 
and the integer-quantized M5 dipoles are 

==HV 1 + ^- (3) 

The rings also possess an angular momentum along the S 1 direction 

Ji = e x \ Av^+An(l + ^) 3 / 2 . (4) 

We have included a choice of sign e\, Cj = ±1 for later generality. For our purposes at finite 
R2/R1 (i.e., finite A, /Xj) the orientations of the momentum and the M5 branes may remain 
arbitrary. It is only if we want to recover a supersymmetric solution in the straight-string 
limit that we must correctly align the momentum and branes. 

A direct calculation shows that, for all allowed values of the parameters, the entropy (j2J) 
can be written as 



Tli = 6i\ —— /I 



>BH 



27iy / \J 1 nin 2 n 3 \ . (5) 



One naturally expects that if we view the ring as a circular string, then J-y must be identified 
as the units n p of linear momentum running along the string — detailed arguments to this 
effect were given in [3] and [TB]. Then (JSJ) is exactly the Cardy entropy 



S CFT = 2n^^ (6) 

that the MSW conformal field theory, with central charge 

c = 6|nin 2 n 3 |, (7) 
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assigns to a state where one of the chiral sectors of the theory carries momentum 



l<?o| = Kl = \Ji\ • (8) 

The mass of the black ring is however different than the naive mass for the MSW string: 
it is renormalized as one increases the ratio R<ij R\- Still, we can easily understand this effect 
in an expansion for large R 1 , which corresponds to small A, /ij. If we take into account JT]) 
we find 

M=^^2A + 2^^ + 3A 2 -X:^ + 0(A 3 ,^ . (9) 
We can rewrite this in terms of the unit masses for M5 branes and momentum excitations, 

/ 7T \2/3 1 

1715 = R ) ' m P = R ' ( 10 ) 

so that 

M = \n p \m p + K\m 5 nE t + 0(1/ R 3 ) . (11) 

i 

The leading 0(G°) term is the BPS mass of the MSW string. The first 0(G) correction, 
which appears when the string is curved and supersymmetry is broken, is the attractive po- 
tential energy due to the self-interaction among the constituents. It shows the characteristic 
Newtonian fall-off oc 1/R 2 of the five-dimensional potential energy. 

Extremal non-BPS charged black rings Ref. [I] presented a larger class of extremal 
non-supersymmetric black rings, which in addition to the three M5 dipoles possess conserved 
charges of three kinds of M2 branes, and angular momenta J\ and J2 in the S l and S 2 of the 
ring. Besides the parameters R, //j, A, which again must satisfy (HI), the solutions contain 
three boost parameters q.{ related to the M2 charges. They are constrained by the condition 

G\ C\ C 2 C 3 

-S1S2S3 = S1C2C3 + C1S2C3 + C1C2S3 (12) 



1 + A 1 - /il l-/i2 I-/U3 

which derives from the absence of Dirac-Misner string singularities, which give rise to global 
causal pathologies. Here we have defined 



C\ = e x X\ ] + y , Ci = eiHii j — , Ci = cosh«i, s^sinha^, (13) 
V 1 - A \ 1 + 

again with e\,€i = ±1. Thus we see that the solutions contain six independent continuous 
parameters. These are not enough to allow independent variation of the eight physical 
parameters of the extremal black rings, namely the M2 and M5 numbers A^ 12i 3, ^1,2,3, and 
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the two spins J\ t2 (the mass is fixed at extremality, though not necessarily at the BPS bound). 
In particular the BPS limit with three charges and three dipoles can never be achieved within 
this family. The more general solution that allows this freedom is still to be constructed. 
The M2 and M5 brane numbers are 



N; 



2ttR 3 



3\ 2/3 



A - Hi + jjj + fJL k + 2(/Ij/I k + AyUi) + A^iyUj + yUi/ifc ~ /ij/ifc) + /ij/ij/ifc ,(14) 



ru 



/'/ 



1=1 



Cj ^ Ck 



1 - f-ih 



(15) 



Here (ijk) are cyclic permutations of (123). The angular momentum along the S 1 of the 
ring is 



1=1 



C\ C\ C 2 C 3 

X I ~C\C 2 C 3 — 1 — ; C1S2S3 — - — ; S1C2S3 — - — ; S\S 2 C 3 



1-A 



1 + Mi 



1 +1^2 



1 + A*3 



(16) 



The angular momentum J 2 on the S 2 is most simply given in terms of the M2 and M5 
charges 



J 2 = -- (711JV1 + n 2 N 2 + n 3 N 3 ) . 



(17) 



Finally, the horizon entropy is 
Sbh 



71 



H(i + /'/)/' 



1/2 



i=l 



X 



C\ G\ C 2 C3 

-rCic 2 c 3 H C1S2S3 H S1C2S3 H sis 2 c 3 

A A*i iii A*3 



After a very long and tedious calculation, we have found that this horizon entropy admits 
a simple expression in terms of physical parameters, 



S 



BH 



2ir* 



(TVini) 2 + (N 2 n 2 ) 2 + (N 3 n 3 ) 2 N 1 N 2 n 1 n 2 + N^nwz + N 2 N 3 n 2 n 3 
-J\n\n 2 n 3 1 



.(19) 



To reproduce this expression using the Cardy entropy (jUJ) with the central charge ([7]), now 
we take level 



, (JVim) 2 + {N 2 n 2 f + {N 3 n 3 f 1 f N t N 2 N,N 3 N 2 N 3 

qo = - Ji -. + - + + 

4nin 2 n 3 2 V n 3 n 2 n\ 



(20) 



Setting n p = —Ji, the momentum in this level is shifted precisely by the momentum excited 
by the worldvolume fluxes that yield the M2 charges [12] — this zero-mode momentum does 
not contribute to the degeneracy of the state. A clear derivation of this result can be found 
in [r7f[ 

Thus the MSW theory naturally accounts for the entropy of these black rings. The 
complexity of the equations, however, has prevented us from obtaining an expression for the 
mass that extends (jTTj) . 

However simple this application of the MSW theory looks, it deepens the puzzles posed by 
previous application of essentially the same formulas to BPS black rings. In [T3] the entropy 
of the supersymmetric ring was matched to an expression for q essentially like above, but 
with an additional zero-point contribution +n\n 2 n 3 /4: to the momentum. In [14] , however, 
the entropy of the same supersymmetric black ring was instead matched to an expression 
without this zero-point term, but with M = N% — n^n^ instead of iVj. Additionally, one 
should put —{J\ + J 2 ) for the momentum units n p , instead of —J\. None of these oddities 
appears in the expression we have found for the extremal non-BPS ring, although it may 
be worth noting that an alternative form for the oscillator level, which also reproduces the 
correct entropy, is 



, T , (M^i) 2 + (Af 2 n 2 ) 2 + (Af 3 n 3 ) 2 1/MM , M1M1 , MM\ S ni n 2 n 3 

qo - -(yi + J2) - v 1 1 — 

Anin 2 n 3 2 \ n 3 n 2 m J 4 

According to the proposal in [TH], the correct expression for n p should be the momentum 
associated to the vector tangent to the S 1 at the horizon. This favors the choice n p = 
— (Ji + J 2) in the BPS case (i.e., like in [H]), and it also yields n p = —J x for our extremal 
non-BPS ringg^l Still, if the proposal of [T3j is correct it remains to understand why the M2 
charges iVj should be shifted in the BPS case but not in our rings here. Presumably this has 
to do with the fact that in our extremal non-BPS rings some modes are not excited, and in 
particular J 2 vanishes when the iVj are zero. These puzzles would be greatly clarified if we 
possessed the more general eight-parameter extremal solution where Ni j2j3 , n li2j 3, J± }2 can 
be varied independently. 



Final remarks. To finish, we comment on the fact that both the left and right moving 
sectors of the CFT are crucial for understanding the state that corresponds to a black ring, 
even if only one sector is needed to account for the entropy. 

Recall that the puzzles discussed above pertain only to black rings with finite radius. As 
R — » 00 the formulas of [H], [15], and of the present paper reduce to the same expression, 

x Ref. [T7] also describes a class of non-supersymmetric extremal black rings. In that case extremality 
is achieved by spinning up the rotation of the 5* 2 , so it appears to be a different effect than in this paper, 
although a connection may still exist. 

2 The claim made in |16j that this identification favors n p = —J\ for BPS rings is incorrect: the tangent 
to the S 1 of the near-horizon-BTZ-black hole for these black rings is + 3$ since the coordinate (j> on the 
S 2 is shifted by ip at the horizon. 
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which accounts for the entropy of a supersymmetric black string with M2 and M5 charges 
and momentum. In this limit, only the non-supersymmetric sector of the CFT is excited. 
This identification of the degrees of freedom responsible for the entropy captures only a part 
of the state, but not the fact that the ring wraps a contractible circle. 

Already for a supersymmetric state a difference exists between the cases where the MSW 
string wraps a Kaluza-Klein circle and where it wraps a (contractible) ring: the right-moving 
fermions in the former case are in the R sector, while in the latter case they are in the NS 
sector. While it would be interesting to study the consequences of this in more detail, a 
more significant difference must exist between the BPS and extremal non-BPS systems: the 
latter possess ergoregions and hence are unstable to spontaneous superradiance. In [18] 
(see also [TOj [2]) this effect was explained as follows (in the context of fundamental string 
states): both chiral sectors of the theory are excited. One sector has a large degeneracy of 
states and gives rise to the statistical entropy of the system. The other sector is also excited 
(unlike in BPS systems), but in a coherent state that gives the string a circular profile and 
does not contribute to the degeneracy. Pairs of excitations from each of the two sectors 
can interact and combine to form an outgoing quantum, which necessarily carries angular 
momentum away. This accounts for spontaneous superradiance. It seems likely that a similar 
picture should be present, within the context of the MSW string, for the black rings we have 
considered in this paper. So it should be interesting to understand the excitations of the 
system that turn the string into a ring. 
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